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Abstract. Following the idea of Lusztig, Atiyah-Hirzebruch and Kosniowski, we note that 

the Dolbeault-type operators on compact, almost-complex manifolds are rigid. When the 

circle action has isolated fixed points, this rigidity result will produce many identities con- 

f^ ■ cerning the weights on the fixed points. In particular, it gives a criterion to detemine whether 

O^ ' or not a symplectic circle action with isolated fixed points is Hamiltonian. As applications, 

^ , we simplify the proofs of some known results related to symplectic circle actions, due to God- 

D ' inho, Tolman-Weitsman and Pelayo-Tolman, and generalize some of them to more general 






O ! 1- Introduction 

,J^ . This paper is concerned with the rigidity of Dolbeault-type operators on compact, alniost- 

C^ , complex manifolds and its relationship to symplectic circle actions. 

Let (M^"',a;) be a compact, connected symplectic manifold of dimension 2n. A circle action 
is called symplectic if it preserves the symplectic form to or, equivalently, if the one form uj{X, ■) 
\^ I is closed, where X is the generating vector field of this circle action. This symplectic circle 

ly-v ■ action is called Hamiltonian if uj{X, •) is exact, i.e., uj{X, •) = df for some smooth function / 

^G • on M. We call / the moment map of this action, which is unique up to a constant. 

Tlj" ' An obvious necessary condition for a symplectic circle action to be Hamiltonian is to have 

f"*-. ■ non-empty fixed points corresponding to the critical points of / (the minimum and the max- 

^^ , imum of / must be fixed points). In the case of Kahler manifolds [5] and of four-dimensional 

symplectic manifolds [17j, this condition is also sufficient. However, this is not true for general 
higher dimensional symplectic manifolds. In fact McDuff |17) constructed a six-dimensional 
symplectic manifold with a symplectic circle action which has fixed points, but which is not 
Hamiltonian. 



^ 



Note that the fixed point sets of the counterexamples in [T7j are tori. Hence one possible 
conjecture is that a symplectic action with isolated fixed points must be Hamiltonian. Some 
partially affirmative results have been obtained: Tolman-Weitsman )19j showed that this 
conjecture holds for semifree circle actions (an action is called semifree if it is free outside the 
fixed points); Godinho [6] showed that this holds on certain circle actions on six-dimensional 
symplectic manifolds with specified weights on the fixed points. 

McDuff |17j showed that a symplectic circle action is Hamiltonian if and only if there is 
a connected component of the fixed point set such that all the weights of the representation 
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of the circle action on the normal bundle of the component are positive. Therefore in order 
to show that a symplectic circle action is actually Hamiltonian, it suffices to show that there 
exists a connected component of the fixed point set satisfying this condition. The main ideas 
of the proof in |19j and [6j are both based on this argument. In the isolated fixed points 
case, Fel'dman [3] refined McDuff 's observation to show that the Todd genus of a manifold 
admitting a symplectic circle action with isolated fixed points is either 0, in which case the 
action is non-Hamiltonian, or 1, in which case the action is Hamiltonian. 



In a recent paper of Pelayo and Tolman [18] . the authors showed that if a compact sym- 
plectic manifold admits a symplectic (not necessarily Hamiltonian) circle action with isolated 
fixed points, then the weights on the fixed points must satisfy some restrictions ([iH], Theorem 
2). We would like to point out that Theorems 1 and 3 in |18j are closely related to some much 
earlier work of Kosniowski (|12j. |13j). Theorem 1 in [18] is related to a conjecture of Kos- 
niowski ([13], p. 338, Conjecture A). Theorem 3 in p^ has been obtained in ([12], Theorem 2) 
for complex manifolds and in ([l3], p. 337) in the more general case. The forms of the weights 
on the two fixed points are hidden in the last paragraph of [12j . 



Our paper is inspired by the above-mentioned results. This paper is organized as follows. 
In Section 2, we consider some Dolbeault-type elliptic operators on compact, almost-complex 
manifolds. If an almost-complex manifold admits a circle action compatible with the almost- 
complex structure, we can define the equivariant indices of these operators under this circle 
action. Then following an idea of Lusztig, Atiyah-Hirzebruch and Kosniowski, we will prove 
the invariance of the relevant equivariant indices of these Dolbeault-type operators under 
circle actions having isolated fixed points. This is the meaning of the word rigidity in our 
title. When an almost-complex manifold admits a compatible circle action with isolated fixed 
points, this rigidity result immediately produces many identities concerning the weights on 
the fixed points. In particular, combining with Fel'dman's result [1], we give a criterion to 
determine whether or not a symplectic circle action is Hamiltonian. 

In Section 3, as the first application of our result, we give a simple and unified new proof 
of Godinho's result [6], of which the original proof is very complicated (see the whole Section 
3 of [6]). In fact our conclusion is more general than that of Godinho. As the second main 
application, we also generalize Pelayo and Tolman's above-mentioned result to circle actions 
on almost-complex manifolds. 

Remark 1.1. Given an elliptic operator, we say it is rigid if, under any circle action, the cor- 
responding equivariant index of this operator is invariant. A survey of the results concerning 
the rigidity of some important elliptic operators can be found in Section 1 of [3]. 



2. The rigidity of Dolbeault-type operators and main results 

Let (M"^^, J) be a compact, almost-complex manifold of real dimension 2n with an almost- 
complex structure J. The choice of an almost Hermitian metric on M enables us to define 
the Hodge star operator * and the formal adjoint d* = — * d * of the 9-operator ([7], p. 80). 
Then for each < p < n, there is an elliptic differential operator (cf. [15], p. 258, Example 
13.14) 

(2.1) QP''^{M) ^±^ nP'^{M), 

q even q odd 
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where nP'i{M) := T {MT* M ^ MT* M) . Here T*M is the dual of holomorphic tangent bundle 
TM in the sense of J . The index of this operator is denoted by ^(^{M) (= dinicker(9 + d*) — 
dimccoker(9 + d*)) in the notation of Hirzebruch [9]. We define the Hirzebruch Xy-genus 
Xy{M) by 

n 
p=0 

Remark 2.1. (1) When J is integrable, i.e., M is a n-dimensional complex manifold, 
X^(M) equals to the index of the following well-known Dolbeault complex 

(2.2) ^ nP'^{M) ^ nP'\M) A • • • ^ [7P'"(M) ^ 

and hence x^{M) = Ylq=o{~^)'^^^'''{^-^)^ where /iP'''(M) is the corresponding Hodge 
numbers of M. 

(2) For a general almost-complex manifold, d'^ is not identically zero (it is a well known fact 
that 9^ = is equivalent to the integrality of J). So we cannot define the Dolbeault 
complex (|2.2p . Therefore ()2.ip may be taken as the Dolbeault- type complex in the 
almost-complex case. 

(3) Using the general form of the Riemann-Roch-Hirzebruch theorem (first proved by 
Hirzebruch for projective manofolds [9], and in the general case by Atiyah and Singer 
[2]), we have 

X^iM) =< ch{AfT*M)td{TM), [M] >, 

where ch(-) is the Chern character and td(-) is the Todd class. [M] is the fundamental 
class of M induced from J and < • , • > is the Kronecker pairing. 

Now suppose M admits a circle action (5^-action) preserving the almost-complex structure 
J. Then for any g € S^, we can define the equivariant index x^id^ ^) (resp. equivariant Hirze- 
bruch X;;-genus Xy{9i^) •= Yl^=oX^[9-,^)y^) of the elliptic operators in (j2.ip by choosing 
an invariant almost Hermitian metric under this circle action. Note that xP{g,M) is a finite 
Laurent series in g as both ker((? -|- d*) and coker(9 -|- d*) are finite-dimensional. 

Moreover, we assume the fixed points of this action are non-empty and isolated, say 
Pi, • • • , Pm- At each Pj, there are well-defined n integer weights /c} , • • • , kn (not necessarily 
distinct) induced from the isotropy representation of this S^-action on Tp.M. Note that these 
kl" , • • ■ , kn are nonzero as the fixed points are isolated. We use ei{xi, • • • , Xn) {I < i < n) 
to denote the i-th elementary symmetric polynomial of xi, • • • , a;„ and eo(a;i, • • • , x„) := 1. 
With these notations understood, the main observation in this paper is the following 

Theorem 2.2. Let (M^", J) be a compact, connected, almost- complex manifold with a circle 
action preserving the almost- complex structure J . Suppose the fixed points of this action 
are non-empty and isolated. Let the notations he as above. Then for each < p < n, the 
expression 

y^ ep(ff^i ,••• .g''" ) 

i=i Uj=ii^-9 ' ) 
is a constant and equals to x^{^)- Here g is an indeterminate. 

Note that ^{M) is nothing else but the Todd genus of M. Hence combining with Fel'dman's 
observation ([3], Theorems 1 and 2) mentioned in the Introduction, we have 
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Theorem 2.3. If M is a symplectic manifold and the circle action is syniplectic, then the 
expression 



m 



Kn?.i(i-/!") 

is either 0, in which case the action is non-Hamiltonian, or 1, in which case the action is 
Hamiltonian. 

Our proof follows the exposition of Section 5.7 in [10]. Although the considerations of 
Sections 5.6 and 5.7 in [10] are for compact complex manifolds, we will see that, when replacing 
the Dolbeault complexes (12. 2p by the elliptic complexes (12. ip . the proof can also be applied 
to the situation of almost-complex manifolds with no more difficulties. 



Proof of Theorem \2.2l 

Let g G S^ he a topological generator, i.e., the closure of {g^ | r € Z} is the whole S^. Then 
the fixed point set of the action g is exactly {Pi, • • • , Pm}- We note that the characteristic 
power series corresponding to the Hirzebruch Xj/-genus is x ^J^^^x ■ Then the Lefschetz fixed 
point formula of Atiyah-Bott-Segal-Singer ([2], p. 256) tells us that 

(2.3) Xy{9,M) = j:Yl'-±^. 

i=i j=i 1- g ' 

Note that the left hand side (LHS) of (j2.3p is a finite Laurent series in g. Hence the only 
possible singularities are and cxd. While 

Here di is the number of the negative integers in ky ,■ ■ ■ ,kn . By ()2.4p , the RHS of (j2.3p , 
and hence the LHS of (12. 3p . has well-defined limits at ^f = 0, oo. Therefore Xy{9^^) must be 
constant in g and 

Xy{g,M) = Xy{id,M) = Xy{M), 
which means 

i=i i=i I- g ' 

holds for a dense subset of 5^ (the topological generators in S^ are dense) . So this must be an 
identity in the indeterminate g. Comparing the corresponding coefficients of (j2.5p . we have 

-1 n-=i(i-/^ ) 

This completes the proof of Theorem 
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Remark 2.4. (1) Let Np denote the number of fixed points of the circle action with 

exactly p negative weights. From the proof we know that 



xy{M) = J^i-y)"' = Y.^-vT-"' 



(2.6) 



n n 

\n-p 



p=0 p=0 

Hence 

(2.7) x^(M) = {-IfNp = {-IfN^^p = (-l)-x"-^(M). 

(2) As pointed out in Section 5.7 of [TU], this idea is essentially due to Lusztig 
Kosniowski [ITj and Atiyah-Hirzebruch [1]. The former two used it to derive the 
localization formula (|2.6p for complex manifolds. Atiyah and Hirzebruch used this 
idea in ^j to get their famous vanishing theorem of A-genus on spin manifolds. 

(3) The localization formula (j2.6p has been generalized to more general cases (cf. [8] 
and [2]) since its first appearance in |11] on complex manifolds. To the author's 
knowledge, in the case of almost-complex manifolds, the relations between x^(M) and 
the weights as in Theorem 12.21 have not been explicitly pointed out before. In fact, 
we will see in the next section that, with these relations set up, we can give many 
applications in related areas. 

3. Applications 

3.1. Since the appearance of [17], symplectic circle actions on six-dimensional symplectic 
manifolds have received a great deal of attention due to the rich structures and possibil- 
ities in this dimension. In [jB], Godinho showed that certain symplectic circle actions on 
six-dimensional manifolds must be Hamiltonian. More precisely, let the circle act sym- 
plectically on a six-dimensional compact, connected, symplectic manifold with non-empty 
isolated fixed points whose isotropy weights are of the form (itfei, ib/[;2, itfcs) for fixed in- 
tegers ki > k2 > k^ > I- Let A^'o and A^s be the numbers of the fixed points with the 
weights (/ci, A;2, /cs) and (— /^i, — A;2, — ^3) respectively. Let si, S2, S3, ti, ^2 and is be the num- 
bers of the weights {-ki,k2,ks), {ki,-k2,ks), (fci, /c2, -^3), (^1,-/^2,-^:3), {-ki,k2,-k3) and 
{—ki^—k2,k-i) respectively. The following result is an extension of Godinho's results (cf. [6], 
Theorems 1.1, 1.2, 3.2 and 3.4) 

Theorem 3.1. Let the circle act symplectically on a six- dimensional compact, connected, 
symplectic manifold with non-empty isolated fixed points and let the notations be as above, 
then there are exactly two possibilities: 

(1) A^o = A'3 = S2 = S3 = ^2 = ^3 = 0, si = ti > 1 and ki = k2 -\- k^, 

in which case the action is non- Hamiltonian; 

(2) No = N3 = l and 

(/■' + /' +9^') + {tig^^^^^ + t2g^^^^^ + t^g^'^^^) 

Hszg"' + S2/^ + si/^) + (/^+'=« + /^+'==' + /^+'=^), 

in which case the action is Hamiltonian. Here of course g is an indeterminate. 

Remark 3.2. When ki ^ k2 + k^, case (1) will lead to ([6], Theorems 1.1 and 3.2) and case 
(2) will lead to ([6j, Theorems 1.2 and 3.4). 
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Proof. Note that we have the following expression for the Todd class x^i^)'- 

^ iVo - (sifffei + S2g^^ + ssg''^) + (tig^^+^^ + t2g^^+^^ + ^3^^^+^'^) - JVaff^i+^^+^a 
^^ ^ (1- 5*^0(1 -5'=^)(l-5'=^) 

From Theorem 2.2 we have either 

iVo - (si/^ + S2g'' + ssg'n + (iis'^"*"'^ + ^25'^+'^ + ^3/^+'^) - iV35'^+'^+'^ = 0, 
in which case the action is non-Hamiltonian, or 

No - {sig"^ + S2/^ + ssg'-') + (ti/^+'==' + t2g''+'' + t35'^+'^) - ^¥3/^+'^+'^ 

=(1-/0(1-/^)(1-/^), 
in which case the action is Hamiltonian. D 

We can also reproduce Tolman-Weitsman's following result (|19). Theorem 1). 

Theorem 3.3 (Tolman-Weitsman) . Let M^" be a compact, connected symplectic manifold, 
equipped with a semifree sym,plectic circle action with non-empty isolated fixed points. Then 
this circle action must he Hamiltonian. 

(i) 

Proof. Since the action is semifree, all the integer weights k- are ±1. We still use Np to 
denote the number of fixed points with exactly p negative weights as in Section 2. Hence 

^ ' (1 - g)" 

By assumption, the fixed points are non-empty, hence at least one of A^O; ■ ■ ■ )-^n is nonzero, 
which means x^i^) ¥" 0- According to Theorem 2.2, x^iM) = 1 and the action is Hamilton- 
ian. Moreover, Np = ("), < p < n. (Compare to Lemma 3.1 in |19j.) □ 

Remark 3.4. This result was also reproved by Fel'dman ([5], Corollary 1), whose main tools 
are the Conner-Floyd equations for the Todd class. 

3.2. We still use the notations in Section 2. In this subsection we will prove the following 
result. 

Theorem 3.5. Suppose the almost- complex manifold (M^", J) admits a circle action preserv- 
ing the almost- complex structure J and having isolated fixed points. Then for any k £ Z — {0}, 

ttj/cW =k \ l<i<m, l<j<n} = ]\{kf'' = -k \ l<i<m, l<j<n}. 

Here jj denotes the cardinality of a set. 

The following corollary is a generalization of ([18], Theorem 2) from the case of symplectic 
circle actions on symplectic manifolds to that of circle actions on almost-complex manifolds. 

Corollary 3.6. Suppose the almost-complex manifold (M^", J) admit a circle action pre- 
serving the almost-complex structure J and having isolated fixed points. Then 

m n 

In order to derive Theorem 13.51 ^^ need the following lemma. 
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Lemma 3.7. V < fc < n, we have 

k 

eki ' ^ 



Proof. 



c(xi + 1,X2 + I,--- ,Xn + l) = "^1 _ , jej(xi,X2,--- ,a;„). 

i=o ^"' ^ 



efc(xi + 1,X2 + I,--- ,2;„ + 1) = ^ (xji + l)(xj2 + !)••• (xj^ + 1) 

l<ii<-<i(j<n 

k 

:= 2_^ai ■ ei(xi,X2,--- >3;n)- 



i=0 

l'n\ (k\ 



It suffices to determine the coefficients Oj. Note that there are ()!) (j) monomials of degree 
in the expression Y^i<i^^...<^i^<ni'^h + '^){xi2 + !)••• (a^j^ + !)• Hence, 



„ _ (fc) (i) / ^ - « 



( • ) V- - A^y 

as ei(xi,--- ,Xn) has (") monomials. El 



Proof of Theorem 13.51 



^« , i.W^ 



Y^X^ 1 _Y^en-i(l-/i ,•••,1-5-''" 

Z^ Z^ 1,(0 z^ ■ 



A;!; ^—^^ 'nn /-, k 



i- 






f'^ 



n-l 



^lsr^el{g''^ ,■■■ ,g^^ ) 



Y,{n - l){-l)' Y. '"""'!(.) (by LemmaE 

;=n i=i . 1 1 1 — :? 1 



Z=0 

n-l 



=1 n-=i(i-5 



/=0 
n-l 

n 

= ^EAr, (byiVz = iV„_z) 

z=o 
TTin 

Note that for any A; G Z — {0}, ^ + _;. = 1. So what we have showed implies that, for 
any A: G Z - {0}, 

'^{kf =k\l<i<m, l<j<n} = tJ{A;]*^ = -k\l<i<m, l<j<n}. 
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